We define an interesting class of semigroups of operators in Banach spaces, namely, the randomly generated semigroups. This class contains as a remarkable subclass a special type of quantum dynamical semigroups introduced by Kossakowski in the early 1970s. Each randomly generated semigroup is associated, in a natural way, with a pair formed by a representation or an antirepresentation of a locally compact group in a Banach space and by a convolution semigroup of probability measures on this group. Examples of randomly generated semigroups having important applications in physics are briefly illustrated.
Introduction
In the early 1970s, Kossakowski [1] introduced an interesting class of semigroups of operators, or more precisely -according to the standard terminology in use nowadays [2] -of quantum dynamical semigroups. In particular, the work of Kossakowski established a remarkable link between the theory of Brownian motion [3, 4, 5, 6] and the theory of open quantum systems [7] .
In a recent paper [8] , the mentioned class of quantum dynamical semigroups -the so-called twirling semigroups -has been studied in detail. In particular, in the case of finite-dimensional open quantum systems a complete characterization of the infinitesimal generators of the twirling semigroups associated with representations of Lie groups has been obtained. In the infinitedimensional case, thanks to Nelson's theory of analytic vectors [9] , one can extend some of the results of [8] by taking care of the domains of the (in general, unbounded) infinitesimal generators of the twirling semigroups. This task will be accomplished elsewhere [10] .
The twirling semigroups arise in the study of various physical contexts. For instance, the analysis of the infinitesimal generators of the twirling semigroups shows that this class of semigroups of (super)operators includes the semigroups describing the dynamics of a finitedimensional system with a purely random Gaussian stochastic Hamiltonian [11] , and the reduced dynamics of a finite-dimensional system in the limit of singular coupling to a reservoir at infinite temperature [12] . Moreover, the twirling semigroups turn out to be relevant in connection with applications to quantum information theory; see [8] and references therein.
The main aim of the present contribution is to provide a natural generalization of the class of semigroups introduced by Kossakowski in his seminal paper [1] by defining the larger class of randomly generated semigroups. These semigroups of operators -as well as their adjoint semigroups -are associated, in a straightforward way, with pairs formed by a representation, or an antirepresentation, of a locally compact group in a Banach space and by a convolution semigroup of probability measures on this group. Although conceptually very simple, this construction involves some technical aspects. In particular, as it will be clear in the following, the rigorous definition of randomly generated semigroups relies on the theory of integration of vector-valued functions.
In addition to its intrinsic interest, we think that the definition of this larger class of semigroups of operators is useful in order to better clarify the relevant mathematical structures involved in the construction of twirling semigroups, also in view of the mentioned extension [10] of results previously obtained in the recent paper [8] . Furthermore, as we will show later on, the notion of randomly generated semigroup allows us to encompass in a unified framework the twirling semigroups and a related class of semigroups of operators, namely, the tomographic semigroups.
The paper is organized as follows. In Sect. 2, we briefly review the main mathematical tools involved in our analysis. Next, in Sect. 3, we introduce the notions of 'randomly generated operator' and of 'randomly generated semigroup' (of operators). Some remarkable examples of randomly generated semigroups are discussed in Sect. 4. Finally, in Sect. 5, a few conclusions are drawn.
Basic facts
In this section, we will fix the main notations and recall some basic technical facts. For further details, the reader may consult the standard references [13] (functional analysis and basics in probability theory), [14, 15] (semigroups of operators), [16] (integration of vector-valued functions), [17] (representation theory) and [18, 19] (probability theory on groups). We implicitly refer to these sources wherever some notion or result is mentioned or used without any explicit reference.
Throughout the paper we will consider Banach spaces over the field of real or complex numbers, usually with no specification of which of the two fields is involved. Let J be a Banach space. Denoting by R + the set of non-negative real numbers, a family {C t } t∈R + of bounded linear operators in J is said to be a continuous semigroup of operators if the following conditions hold:
2. C 0 = I; 3. lim t↓0 C t φ − φ = 0, ∀ φ ∈ J , i.e., s-lim t↓0 C t = I (strong right continuity at t = 0).
Here and in the following, I is the identity operator. According to a classical result [14] , the previous conditions imply that the map R + ∋ t → C t ∈ J is strongly continuous. The last condition is equivalent to the assumption that w-lim t↓0 C t = I (weak limit), see [15] . Moreover, it is a well known fact that a semigroup of operators {C t } t∈R + admits a densely defined infinitesimal generator, namely, the closed linear operator A in J defined by
Let (X, S, µ) be a measure space, with µ a probability measure. Suppose that
-where, with standard notation, J * is the dual space of J -are, respectively, a weakly-µ-measurable and weakly * -µ-measurable function such that
here, (·, ·) is the 'pairing' between J and J * (the same notation will be adopted for the pairing between J * and the double dual J * * of J ). Then, for any E ∈ S (in particular, for E = X), one can define two vectors
where the integrals in (4) are a Dunford integral and a Gelfand integral [16] , respectively. In the case where the the first integral in (4) defines a vector belonging to J (consider the natural injection of J into J * * ) -i.e., if the function X ∋ x → φ(x) ∈ J is Pettis integrable relatively to E (this terminology is nonstandard) -we will denote this vector by the symbol
If the function X ∋ x → φ(x) ∈ J is Pettis integrable relatively to every E ∈ S, then it is said to be a Pettis integrable function, and the vector (5) is the standard Pettis integral of this function over E [16] . Later on, we will use the fact that under certain conditions the Pettis integral can be replaced by the ordinary Bochner integral [15, 16] . Let G be a locally compact, second countable, Hausdorff topological group (in short, l.c.s.c. group). The symbol e will denote the identity in G. We will say that a map T : G → B(J ) -from the l.c.s.c. group G into the Banach algebra B(J ) of bounded linear operators in the Banach space J -is a uniformly bounded representation of G if it is a weakly continuous map such that sup g∈G T (g) < ∞, T (e) = I and T (gh) = T (g) T (h), for all g, h ∈ G. In the case where, instead, the last relation is replaced by T (gh) = T (h) T (g), we will call the map T a uniformly bounded antirepresentation. Moreover, we will mean by the term projective representation of G, in a separable complex Hilbert space H, a map U of G into U (H) -the unitary group of H -such that
• U is a weakly Borel map, i.e. G ∋ g → φ, U (g) ψ ∈ C is a Borel function, for any pair of vectors φ, ψ ∈ H (with ·, · denoting the scalar product);
• U (e) = I;
• denoting by T the circle group, namely the group of complex numbers of modulus one, there exists a Borel function m :
The function m is called the multiplier associated with U . Clearly, in the case where m ≡ 1, U is a standard unitary representation; in this case, according to a well known result, the hypothesis that the map U is weakly Borel implies that it is, actually, strongly continuous. We will denote by M 1 (G) the semigroup -with respect to convolution of measuresof all Borel probability measures on G, endowed with the weak topology (which, in M 1 (G), coincides with the vague topology). For any pair µ, ν ∈ M 1 (G) we will denote by µ ⋆ ν the convolution of µ with ν. The symbol δ ≡ δ e will denote the Dirac measure at e, measure that is, of course, the identity in the semigroup M 1 (G). By a continuous convolution semigroup of measures on G we mean a subset {µ t } t∈R + of M 1 (G) such that the map R + ∋ t → µ t ∈ M 1 (G) is a homomorphism of semigroups and
It is a well known fact that this condition implies that the homomorphism t → µ t is continuous.
Randomly generated operators and semigroups
We will start this section by introducing the notion of randomly generated operator. Let (X, S, µ) be, as above, a probability space, J a Banach space and V : X → B(J ) a (norm) bounded map. Suppose, moreover, that this map is weakly-µ-measurable; namely, that, for any φ ∈ J and F ∈ J * , the function
is µ-measurable. Clearly, this function coincides with
where V(x) * ∈ B(J * ) is the adjoint of the operator V(x). Furthermore, since the map V is bounded, the function x → (F, φ(x)) = (F (x), φ) belongs to L 1 (µ).
We can now actually define three linear operators.
Definition 1
The extended randomly generated operator associated with the pair (V, µ) is the linear operator µ[V] e : J → J * * determined by
where the integral in (9) is a Dunford integral. The dual randomly generated operator associated with the pair
where the integral in (10) is a Gelfand integral. Finally, suppose that -in addition to the previous assumptions -for every φ ∈ J , the map X ∋ x → V(x) φ ∈ J is Pettis integrable relatively to X. Then, the randomly generated operator associated with the pair
Obviously, in the case where the Banach space J is reflexive, the randomly generated operator µ[V] and the extended randomly generated operator µ[V] e coincide. Also observe that the notation adopted for the dual randomly generated operator is coherent with the fact that the operator µ[V] * is the adjoint of µ[V].
Proposition 1 With the previous assumptions and definitions, the randomly, dual randomly and extended randomly generated operators associated with the pair (V, µ) are bounded.
Proof: Let us prove the statement for the extended randomly generated operator µ[V] e . The other two cases are analogous (in the case of the operator µ[V] use the fact that the natural injection of J into J * * is isometric). In fact, we have that
where, in the second line, (·, ·) is the pairing between J * and J * * . The proof is complete.
We will now show that the additional condition that allows us to define the operator µ[V] is automatically satisfied under a certain hypothesis. (J ) is a bounded, weakly-µ-measurable map . Suppose, moreover, that for every φ ∈ J the map x → V(x) φ is µ-essentially separably valued, i.e., that there exists E φ ∈ S, with µ(E φ ) = 0, such that V(X E φ ) φ is a (norm) separable subset of J . Then, the randomly generated operator associated with the pair (V, µ) exists and, for every φ ∈ J ,
Proposition 2
namely, the vector µ[V] φ belongs to the closed convex hull of the set V(X) φ ≡ {V(x) φ} x∈X .
Proof: Indeed, under the mentioned hypotheses, by Pettis measurability theorem [16] the map x → V(x) φ is µ-measurable, for any φ ∈ J . Furthermore, the function x → V(x) φ belongs to L 1 (µ). Therefore, for every φ ∈ J , the map x → V(x) φ is actually Bochner integrable [16] . Then, relation (13) follows as a well known property of the Bochner integral.
Remark 1 In the case where J is finite-dimensional, clearly we have a stronger result. Let V : X → B(J ) a weakly-µ-measurable map. Then, µ[V] = X V(x) dµ(x) (integral of matrixvalued functions), and
compare with (13) .
In the case where J coincides with a complex Hilbert space H and the range of the map V is contained in the unitary group U (H) of H, we will call the operator µ[V] a random unitary operator.
Proposition 3 If H is a finite-dimensional complex Hilbert space, then every random unitary operator R in H is of the form
where K is a finite index set, {p k } k∈K a probability distribution and {V k } k∈K ⊂ U (H).
Proof:
The proof is straightforward and it is left to the reader (hint: exploit relation (14) , the fact that the unitary group U (H) is compact -hence, co(U (H)) = co(U (H)) ⊃ co(V(X)) -and Caratheodory's theorem [20] ). At this point, we will focus on the case where X coincides with a l.c.s.c. group G, endowed with a continuous convolution semigroup of measures {µ t } t∈R + . We will further assume that V is a uniformly bounded representation or antirepresentation of G in a Banach space J . We can now consider two sets of operators, namely, the set {µ t [V]
* } t∈R + and -assuming that, for every φ ∈ J , the map x → V(x) φ is Pettis integrable, relatively to X, with respect to µ t for all t > 0 -the set {µ t [V]} t∈R + , as well. By Proposition 2, the last assumption is superfluous in the case where the Banach space J is separable.
Theorem 1 With the previous notations and assumptions, the sets of operators {µ t [V]} t∈R + and {µ t [V]
* } t∈R + are continuous semigroups of operators in J and J * , respectively.
Proof: We will prove the statement for the set of operators {µ t [V]} t∈R + only, since the other case is analogous. Let us first prove that the set of operators {µ t [V]} t∈R + enjoys the semigroup property. In order to fix ideas, assume that V is a representation (rather than an antirepresentation). Then, for any φ ∈ J and F ∈ J * , we have that
Therefore, since the elements of J * separate points in J ,
, for all t, s ∈ R + . It is clear that the proof in the case where V is an antirepresentation runs along the same lines. It is obvious, moreover, that µ 0 [V] = I.
Let us now show that the semigroup of operators {µ t [V]} t∈R + is continuous. Actually, as recalled in Sect. 2, it suffices to prove the weak right continuity at t = 0. To this aim observe that, for any φ ∈ J and F ∈ J * , the function
is continuous; moreover, it is bounded:
Therefore, since
and lim t↓0 µ t = δ (weakly), we conclude that
This completes the proof of the continuity of the semigroup of operators {µ t [V]} t∈R + .
Remark 2
In the first part of the proof of Theorem 1 we have implicitly used the fact that, for any pair µ, ν of Borel probability measures on G, the formula
which holds and for every continuous (real-valued) function f with compact support on G, is satisfied by any bounded continuous function too. In fact, by Urysohn's lemma [13] and the fact that G is σ-compact, there exists a sequence of compactly supported continuous functions {β n } n∈N on G such that 0 ≤ β n ≤ 1 and lim n→∞ β n (g) = 1, for all g ∈ G. Therefore, for every bounded continuous function f on G, we have that
where we have used the 'dominated convergence theorem'. Remark 4 It can be shown by means of examples -see Sect. 4 -that a randomly generated semigroup may be generated by different pairs of the type (V, {µ t } t∈R + ).
Examples of randomly generated semigroups
In this section, we will consider three remarkable types of randomly generated semigroups, and we will briefly comment the links connecting them.
Random unitary semigroups
In this case, we can identify the Banach space J and its dual J * with a separable complex Hilbert space H -note that we are now regarding the scalar product in H as a pairing -and the uniformly bounded representation V of a l.c.s.c. group G with a unitary representation or antirepresentation U : G → U (H). Then, given a continuous convolution semigroup of measures {µ t } t∈R + on G, the randomly generated semigroup and the dual randomly generated semigroup associated with the pair (U, {µ t } t∈R + ) are given, respectively, by
where the integrals can be considered, in this case, as Bochner integrals (see the proof of Proposition 2), and U (g) * is the 'Hilbert space adjoint' of U (g). We will call these semigroups of operators random unitary semigroups. This terminology, which seems to be quite natural in this context, should however not confuse the reader for the fact that it has been used in [8] with a different meaning.
Twirling semigroups
We will now consider an example which is relevant for the theory of open quantum systems [8] . Given a separable complex Hilbert space H, we will denote byB a generic linear operator belonging to the Banach space B(H) of bounded operators in H. The symbolsÂ,Ŝ will denote generic operators in B 1 (H) -the Banach space of trace class operators, endowed with the trace norm -and in the Hilbert-Schmidt space B 2 (H) (which is a separable complex Hilbert space endowed with the Hilbert-Schmidt scalar product), respectively. As is well known, we have that B 1 (H) ⊂ B 2 (H) ⊂ B(H) (strict inclusion, for H infinite-dimensional), and B 1 (H), B 2 (H) are * -ideals in B(H) [21] . We will identify the Banach space J of Sect. 3 with B 1 (H). The dual space of B 1 (H) can be identified with B(H) -see [21] -via the pairing
We will denote by L(H), L ′ (H) the Banach algebras of bounded (super)operators in B 1 (H) and B(H), respectively (thus, to be identified with B(J ) and B(J * )). Let G be a l.c.s.c. group, and let U be a projective representation of G in H. The map
-where U (B 2 (H)) is the unitary group of the Hilbert space B 2 (H) -defined by
is a strongly continuous unitary representation, even in the case where the representation U is genuinely projective; see [23] . Again, we stress that here U (g) * is the 'Hilbert space adjoint' of U (g). Clearly, for every g ∈ G, the unitary operator U ∨U (g) in B 2 (H) induces the Banach space isomorphism (a surjective isometry) B 1 (H) ∋Â → U ∨U (g)Â ∈ B 1 (H). Therefore, we can define the isometric representation
It turns out that the the isometric representation U ∨U of the l.c.s.c. group G in the Banach space B 1 (H) is strongly continuous [8] . Now, given a continuous convolution semigroup {µ t } t∈R + on G, we can define the randomly generated semigroup associated with the pair (U ∨U , {µ t } t∈R + ), i.e., the continuous semigroup of operators
Since the Banach space B 1 (H) is separable, we can regard the integral in (28) either as a Pettis integral or as a Bochner integral. The corresponding dual randomly generated semigroup
is defined by
where the integral has to be regarded as a Gelfand integral. The semigroup of operators {S t } t∈R + is a so-called twirling semigroup [8] , and it can be shown that it is a quantum dynamical semigroup; namely, a continuous semigroup of operators consisting of positive, trace-preserving, bounded linear maps in B 1 (H), whose adjoints (acting in the Banach space B(H)) are completely positive [2] . Thus, it describes the evolution of an open quantum system in the Schrödinger picture, while the dual semigroup {D t } t∈R + describes the corresponding evolution in the Hiesenberg picture [2, 7] . We remark that a twirling semigroup may be generated by different pairs of the type (U ∨U , {µ t } t∈R + ). In fact, if H is finite-dimensional, one can always assume that U is the defining representation of a special unitary group SU(n), n = dim(H), and {µ t } t∈R + a (generic) continuous convolution semigroup on SU(n), see [8] .
Finally, it is interesting to note that one can define the randomly generated semigroup {Š t } t∈R + associated with the pair (U ∨U , {µ t } t∈R + ) -i.e.,Š t ≡ µ t [U ∨U ] -which acts in the Hilbert space B 2 (H):
Here, again, we can regard the integral in (30) either as a Pettis integral or as a Bochner integral. We stress that the definition of the corresponding dual semigroup is independent of the choice of one of the two natural pairings (Ŝ,Ŝ ′ ) → tr ŜŜ ′ , or (Ŝ,Ŝ ′ ) → tr Ŝ * Ŝ′ (Hilbert-Schmidt scalar product), for identifying B 2 (H) with its dual space. Also note that the semigroup of operators {S t } t∈R + can be considered as the restriction to B 1 (H) of the semigroup {Š t } t∈R + .
Tomographic semigroups
Let G be a l.c.s.c. group and ν G the left Haar measure on G (which is, of course, unique up to normalization), and let us set L 2 (G) ≡ L 2 (G, ν G ; C). We will denote by ∆ G the modular function on G. Given a multiplier m for G, consider the map
where the functionm : G × G → T is defined as follows:
Conclusions
In the present contribution, we have considered an interesting class of semigroups of operators: the randomly generated semigroups. The examples discussed in Sect. 4 show that this class encompasses, in a unique mathematical framework, various types of semigroups of operators that may look, at a first glance, quite different. Observe indeed that -using the notation of Subsect. 4.3 -if the l.c.s.c. group G admits a square integrable representation U , with multiplier m, then the restriction of the tomographic semigroup {T m t } t∈R + to the range of the tomographic map W (generated by U ) is mutatis mutandis -with a space of C-valued functions ('tomograms') isomorphically replacing a space of operators -a twirling semigroup. A simple, but very interesting, example is the case where G = R n (the n-dimensional Lie group of translations) and U is a Weyl system [26] , namely, a suitable infinite-dimensional, irreducible projective representation of R n . As the reader may easily guess, this case is related with the dynamics of an open quantum system 'in the phase space formulation'à la Weyl-Wigner. This example will be discussed in a forthcoming paper [25] , where the notion of tomographic semigroup will be studied in detail.
Finally, we note that a further example of a type of randomly generated semigroups is provided by the probability semigroups [8, 19] . Let G be a l.c.s.c. group and {µ t } t∈R + a continuous convolution semigroup of measures on G. Then, one can define a continuous semigroup of operators {P t } t∈R + in C 0 (G) -the Banach space of all continuous R-valued functions on G vanishing at infinity, endowed with the 'sup-norm' -by setting
The verification that {P t } t∈R + is a randomly generated semigroup and the determination of the associated adjoint semigroup is an interesting exercise that we leave to the reader.
